In this article we discuss confinement of electrons in graphene via smooth magnetic fields which are finite everywhere on the plane. We shall consider two types of magnetic fields leading to systems which are conditionally exactly solvable and quasi exactly solvable. The bound state energies and wavefunctions in both cases have been found exactly.
I. INTRODUCTION
In recent years graphene which is a sheet of carbon atom in honeycomb modulating Fermi velocity 5, 6 , electrostatic fields or magnetic fields. However, confinement using electrostatic fields is usually difficult although zero energy states [7] [8] [9] [10] [11] and sometimes some states of non zero energy 12 can be found using different field configurations. On the other hand magnetic confinement of electrons has been studied by many authors. For example, square well magnetic barrier 13, 14 , radial magnetic field 15 , decaying gaussian magnetic field 16 , hyperbolic magnetic fields 17 , inhomogeneous magnetic fields [18] [19] [20] [21] [22] , one dimensional magnetic fields leading to solvable systems 23 , etc. have been used to create bound states in graphene. In particular, of the different types of magnetic fields mentioned above, there are some smooth inhomogeneous magnetic fields [19] [20] [21] for which the pseudo spinor components satisfy equations with quasi exactly solvable effective potentials 24 . In this context, it may be noted that inhomogeneous magnetic field profiles can be produced in many ways e.g, using ferromagnetic materials 25 , non planar substrate 26 , integrating superconducting elements 27 etc. In the present paper, our objective is to search for smooth everywhere finite magnetic fields which produce conditionally exactly solvable effective potentials 28, 29 i.e, potentials which admit exact solutions when parameter(s) of the model assume particular values. More precisely, it will be shown that the electrons remain confined for certain values of the magnetic quantum number while for other values of hte magnetic quantum number they enter the deconfining phase. We shall also explore the possibility of obtaining quasi exactly solvable systems when some of the constraints on the parameters are relaxed. The organization of the paper is as follows: in section II we shall present the formalism; in section III we shall obtain several magnetic fields which leads to conditionally exactly solvable systems; in section IV we
shall examine under what conditions the magnetic fields produce quasi exactly solvable systems and finally section V is devoted to a conclusion.
II. FORMALISM
The dynamics of quasi particles in graphene is governed by the Hamiltonian
where v F is the Fermi velocity, σ = (σ x , σ y ) are Pauli matrices, and
We now choose the vector potentials to be of the form
where the specific form of the function f (r) will be chosen later. With the above choice of the vector potentials, the magnetic field is given by
The eigenvalue equationĤ ψ = Eψ,
T is a two component pseudospinor, can be written aŝ
where ǫ = E/v F . Now eliminating ψ 1 in favor of ψ 2 (and vice-versa), the equations for the components can be written aŝ
Since the magnetic field is a radial one, the pseudospinor components can be taken as
where m is the magnetic quantum number. Then eigenvalue equations for the components can be written as
Before closing this section, we note that the intertwining relations (5) and (6) can also be written in terms of polar coordinates and are given by
The set of intertwining relations (12) is particularly important since knowing solution of one of the two equations (10) or (11), the other can be obtained through the above relations.
III. CONDITIONALLY EXACTLY SOLVABLE MAGNETIC FIELDS
Here we shall consider several conditionally exactly solvable magnetic field profiles i.e, magnetic fields for which all or some bound state solutions can be found only when the parameters of the model assume some specific values. To this end we choose the function f (r) to be of the form
Then the resulting magnetic field is given by
From equation (14) it can be observed that the magnetic field is everywhere finite with a maximum value of −λ and a minimum of −λ−4 N i=0 g i . We shall now consider different values of N and examine if the corresponding magnetic field can support bound states when the parameters assume some particular values.
In this case the magnetic field becomes
and the profile of this field can be seen in Fig 1. 
FIG. 1. Magnetic field profile for
Then, from (10) and (11) the equations for the components φ 1 and φ 2 can be obtained as
where Z = 2mg 1 + λ.
Conditional exact solutions:
Let us now consider equation (17) for the lower component. This equation can be interpreted as the radial Schrödinger equation for a particle moving in a two dimensional nonpolynomial oscillator potential. Next, we choose the parameter g 1 in such a way that the nonpolynomial part vanishes i.e,
Now recalling that g 1 and λ are always positive, the admissible values of m are m < 0. With g 1 as given above, equation (17) becomes the radial Schrödinger equation for the two-dimension isotropic harmonic oscillator :
It may be pointed out the effective potential becomes that of the radial harmonic oscillator only when g 1 assumes the particular value given by (18) . The eigenvalues and the corresponding wave functions of (19) are standard and are given by :
where L M n (x) is the associated Laguerre polynomial. Then, the lower component of the pseudospinor wave function ψ 2 is
From the intertwining relation (12), the upper component can be determined through the lower component (22) and we obtain the pseudospinor wave function:
It may be noted that as the magnetic quantum number decreases and becomes M < 1, the electrons enter the deconfining phase and are no longer confined. In Figs 2 and 3 we have presented plots of the effective potentials in Eqs. (16) and (17) for Z = 0 and probability density for different values of the parameters. Here we shall consider a more general magnetic field and put N = 2 in (13) and obtain:
and the corresponding magnetic field is given by From (10) and (11), the equations for φ 1 and φ 2 can be obtained as
where
Conditional exact solutions: As in the previous example, we consider equation (27) for the lower component. In this case, the nonpolynomial interaction is a more general one and consists of two terms representing the nonlinearities. However, the potential reduces to the two dimensional harmonic oscillator potential if Z 1 = 0 = Z 2 i.e,
The solution of the above set of coupled equation is given by
where M = 1, 2, 3, · · · and is related to the the magnetic quantum number by m = −M. With the above choice of g 1,2 , equation (27) immediately becomes radial Schrödinger equation of an isotropic harmonic oscillator :
The energy and corresponding eigenfunctions are given by
Then using the intertwining relation (12), the pseudospinor can be obtained
As before the electrons remain confined for M ≥ 1. In Figs 5 and 6 we have plotted the effective potentials in Eq. (26) and Eq.(27) for Z 1 = 0 = Z 2 and probability density for several values of the parameters. Before we conclude this section, let us examine degeneracy of the eigenvalues. In both the cases considered above it is seen that the ground state E 0,1 is non degenerate while all other states are degenerate. For example, E 1,1 = E 0,2 , E 1,2 = E 2,1 = E 0,3 , E 1,3 = E 3,1 = E 2,2 = E 0,4 and so on. Thus degeneracy of the level E n,M is (n + M).
IV. QUASI EXACT SOLUTIONS
Here we shall explore whether or not the magnetic fields considered in the previous section may produce effective potentials which are quasi exactly solvable, that is, potentials for which only some solutions can be found analytically. It will be seen that one may indeed find some exact solutions even when some of the constraints are relaxed.
Before considering the quasi exact solutions for N = 1 and N = 2, we note that from here now the notation
is used to separate the cases of m ≥ 0 and of m < 0.
Let us first consider the case N = 1. In this case the pseudospinor components satisfy equations (16) and (17) and we obtained conditionally exact solutions under the condition Z = 0. The question which comes up immediately is the following: Can we still find bound states when Z = 0? Before answering this question, we would like to note that the parameter g 1 should always be positive since for g 1 < 0, the magnetic field becomes singular and the potentials
also become singular and they may not share the same spectrum. In order to obtain bound states, let us first consider the zero energy ones. For Z = 0 and g 1 > 0 the zero energy solutions can be easily obtained from equation (12) for λ < 0 and they are given by
On the other hand for λ > 0, the zero energy solutions are given by
Note that in both the cases the solutions (1) are infinitely degenerate with respect to the quantum number M, (2) exist only for some values of the magnetic quantum number.
To determine non zero energy solutions, we choose V 2 (r) and consider a wave function of the form
Now substituting (37) in (17) we find after some calculations that
Clearly for the energy levels (38) to be admissible ones D n (Z, E) = 0 for some n > 1. However, we have not found any such solutions consistent with the constraint g 1 > 0.
In this case, the potentials in Eqs. (26) and (27) are given by
A plot of these potentials are shown in Fig 7 . The zero energy states in this case can be found as in the previous example and for λ < 0 are given by
while for λ > 0 are given by
In order to find whether any of the potentials above can support quasi exact solutions, we first choose V 2 (r) and consider Z 1 = 0. In this case, we obtain
Then equation (27) becomes
where Z 2 is given by
It may be noted that equations (17) and (46) 
where the expression for D n reads exactly as in (40) except that one has to make the change Z → Z 2 .
The bound state solutions can be obtained from the condition
subject to the condition g 1 , g 2 > 0. In general, this condition is a polynomial equation for g 2 with degree of (N + 1).
Some specific solutions can be obtained as follows: for λ > 0 and m = −M − 1 < 0 (M = 0, 1, 2, . . . ), one can find exact solutions for all nonnegative integers N . For example, for N = 0, the admissible values of g 1 and g 2 are
The energy and the pseudospinor wave function now are 
In general for N > 0, it is difficult to solve equation (50) analytically. So we have solved it numerically and a sample of the results for λ = 1 are shown in Table I . 
V. CONCLUSION
In this paper we have proposed electron confinement in graphene using smooth magnetic fields which are finite everywhere. Interestingly, when the parameters of the model are subjected to certain constraints the magnetic fields lead to systems which are conditionally exactly solvable. It has also been shown that when these constraints are relaxed it is still possible to determine part of the spectrum analytically, especially the zero energy states. Depending on the orientation of the magnetic field, these states can be found for some values of the magnetic quantum number. 
